Let Σ(S(·), B, −) be a Pritchard-Salamon system for (W, V ), where W and V are Hilbert spaces. Suppose U is a Hilbert space and F ∈ L(W, U ) is an admissible output operator, S BF (·) is the corresponding admissible perturbation C 0 -semigroup. We show that the C 0 -semigroup S BF (·) persists norm continuity, compactness and analyticity of C 0 -semigroup S(·) on W and V , respectively. We also characterize the compactness and norm continuity of ∆ BF (t) = S BF (t) − S(t) for t > 0. In particular, we unexpectedly find that ∆ BF (t) is norm continuous for t > 0 on W and V if the embedding from W into V is compact. Moreover, from this we give some relations between the spectral bounds and growth bounds of S BF (·) and S(·), so we obtain some new stability results.
Introduction
Let W and V be Hilbert spaces satisfying W → V (i.e., W ⊂ V and the canonical injection W → V , x → x is continuous and dense) and that S(·) is a C 0 -semigroup on V which restricts to a C 0 -semigroup on W . Occasionally we will write S W (t) or S V (t) in order to indicate that we consider S(t) as a semigroup on W or V . Let H = W or V , we use A H to denote the infinitesimal generator of C 0 -semigroup S H (·) on H , as usual, the resolvent set, spectrum, spectral bound and growth bound are denoted by ρ (A H for all u ∈ L 2 (0, t; U).
An operator C ∈ L(W, Y ) is called an admissible output operator for S(·) with respect to W and V , if there exist t > 0 (and also for all t > 0) and β C (t) > 0 such that
for all x ∈ W . Let B ∈ L(U, V ) and C ∈ L(W, Y ) be admissible input and output operators with respect to (W, V ) for S(·), respectively. The system given by
x(t) = S(t)x 0 + t 0 S(t − τ )Bu(τ ) dτ, y(t) = Cx(t),
where x 0 ∈ V , u ∈ L 2 (0, ∞; U),
is called a Pritchard-Salamon system (with respect to (W, V )) for S(·) and is denoted by Σ(S(·), B, C).
Curtain et al. [2] established unbounded admissible perturbation theory for PritchardSalamon systems; Guo et al. [4] further improved their result to: 
and
BF , where λ is any number with real part larger than max{ω(S
Many important properties of C 0 -semigroups, such as analyticity, norm continuity, compactness and stability are very useful. However, until now we see no literatures on such properties of unbounded admissible perturbed semigroup for Pritchard-Salamon system. In this paper, we will try to do some research on this subject.
In Section 2 we are concerned with the regular properties of unbounded admissible perturbation semigroups, and find that the admissible perturbation semigroup S BF (·) on W and V persists norm continuity, compactness, analyticity of S(·), this indicates that admissible input and admissible output operators for Pritchard-Salamon systems only have weak unboundedness.
In Section 3 we first study the compactness and norm continuity of ∆ BF (t) = S BF (t) − S(t) for t > 0. We show that if W → V is compact, then ∆ BF (t) is norm continuous for t > 0. In addition, we clarify the relations between the growth bounds, spectral bounds and critical growth bounds of the two semigroups S BF (·) and S(·) by using the norm continuity of ∆ BF (t), and we also give some new results on exponential stability.
Norm continuity, compactness and analyticity
Suppose that W and V are Hilbert spaces, W → V , Σ(S(·), B, C) is a PritchardSalamon system. Without loss of generality, we suppose that the admissible function of (1.1) α B (t) is monotonically increasing for t > 0. We will show that some regular properties of S(·) still persist under admissible perturbations. Proof. (i) Fix T > 0, and let 0 < 2t T . Choose h ∈ R, such that 0 < |h| < δ < t 2 , where δ will be determined in the sequel. Let x ∈ W , then
By (2.2) and (2.3), for any ε > 0, let η = 2
From which we know
, which in turn implies that
t ∈ [δ, T ] and |h| < δ. Using Gronwall's inequality, we get
and hence
It thus follows that S BF (t) is norm continuous for t > 0 on W . (ii) If S(t) is norm continuous for t > 0 on V , then its dual semigroup S (t) is norm continuous for t > 0 on V . Note that Σ(S (·), F , B )
is a Pritchard-Salamon system with respect to (V , W ), by (i) we know that S F B (t) is norm continuous for t > 0 on V . By taking the duality we obtain that S BF (t) is norm continuous for t > 0 on V . 2 U ) is also compact. Moreover, from (1.3) and (1.4), we have
Theorem 2.2. Let Σ(S(·), B, C) be a Pritchard-Salamon system, F ∈ L(W, U ) be an admissible output operator for this system. (i) If S(t) is compact for t > 0 on W , then S BF (t) is compact for
t > 0 on W . (ii) If S(t) is compact for t > 0 on V , then S BF (t) is compact for t > 0 on V .
Proof. (i) Let S(t) be compact for t > 0 on
it is easy to show that 
Combining this with the boundedness of F , we obtain (λI
where M σ 0 is a constant. Moreover, from (2.5), we have
(2.8) Therefore, combining (2.6)-(2.8), we get 
Then from the admissibility of F and by [2, Lemma 2.12], we know that for σ > σ 0 ,
and there exists a constant M σ 0 such that
2. Furthermore, by (1.5) it is easy to show that
From (2.10)-(2.12) we obtain
Thus an argument similar to the proof of (i) yields that S V BF (·) is analytic on V . 2
Some spectral relations and stability
Assume α B (t) and β C (t) are monotonically increasing for t > 0. Let Σ(S(·), B, C) be a Pritchard-Salamon system, F ∈ L(W, U ) be an admissible output operator, S BF (·) be the perturbed C 0 -semigroup with perturbation operator BF . Denote by
∆ BF (t) = S BF (t) − S(t), t 0. (3.1)
In this section, we will establish some relations between the spectrum and stability of two C 0 -semigroups S BF (·) and S(·), by using the properties of ∆ BF (t) and critical spectrum.
First we investigate the properties of ∆ BF (t).

Lemma 3.1. Let Σ(S(·), B, C) be a Pritchard-Salamon system, F ∈ L(W, U ) be an admissible output operator, then
Proof. We only need to show (i), since (ii) can be obtained from (i) 
Theorem 3.2. Let Σ(S(·), B, C) be a Pritchard-Salamon system, F ∈ L(W, U ) be an admissible output operator, then ∆ BF (t) is compact for t > 0 on Hilbert space H if and only if ∆ BF (t) is norm continuous for t > 0 on H and (λI
− A H BF ) −1 − (λI − A H ) −1 is compact for λ ∈ ρ(A H ) ∩ ρ(A H BF ) on H , where H = W or V .
Remark. The compactness of ∆ BF (t) is very useful, since this implies that S BF (t) and S(t)
have the same essential spectrum on the corresponding space. Recently M. Li et al. in [5] characterized the norm continuity of the difference of any two C 0 -semigroups, ∆(t) = T 1 (t) − T 2 (t), via the resolvents of the generators. In this paper we establish the norm continuity of ∆ BF (t) under the assumption that the embedding from W into V is compact.
Theorem 3.3. Let Σ(S(·), B, C) be a Pritchard-Salamon system, F ∈ L(W, U ) be an admissible output operator. If W → V is compact, then ∆ H BF (t) is norm continuous for t > 0 on H , where
Proof. We give the proof in the case that H = W , for H = V we take the duality. Let
S(t − s)BF S BF (s)x ds
Now we estimate the first term of the right side of (3.2) as follows:
Moreover, we have
. By (3.3) and (3.4), for any ε > 0, there exists
for x ∈ T 1 = {x ∈ W ; x W 1} and 0 |h| < δ < δ 1 . Moreover, since W → V is compact, the unit ball of W is a precompact set on V , for η = [α B (t)β F (t)(2Me ω 0 t + 1)] −1 ε 2 , there exists a finite set {x 1 , x 2 , . . . , x n } ⊂ T 1 such that there exists x j satisfying
x − x j V < η, for any x ∈ T 1 . Also from the strong continuity of S BF (·) on V , there exists a δ 2 ∈ (0,
for any 0 |h| < δ < δ 2 . Thus, for 0 |h| < δ < δ 2 and x ∈ T 1 ,
Take δ ε = min{δ 1 , δ 2 }, for 0 |h| < δ ε , x ∈ T 1 , by (3.2), (3.6) and (3.7), we have
This completes the proof. 2
The norm continuity of the difference of the two C 0 -semigroups is also useful, since this implies that the two C 0 -semigroups have the same critical spectrum which will be pointed out in the following.
Suppose H = W or V , S(·) is a C 0 -semigroup on H with generator A = A H . Let H = l ∞ (H ) be a Banach space of all bounded sequences in H , endowed with the supnorm, consider the semigroup S(·) given by
Define the strongly continuous space of S(t)
It is easy to verify that the subspace H S(·) is closed and S(·)-invariant. On the quotient space H = H / H S(·) we define the semigroup S(t) by
S(t)x := S(t)x + H S(·) ,x =x + H S(·) .
By the concept of [1, 6] , the critical spectrum of S(t) is equal to the spectrum of S(t), i.e.,
In addition, the critical spectrum radius is defined by r crit S(·) = r S(·) , and its critical growth bound is
The critical spectrum is contained in its essential spectrum, and one has For the details we refer to [1, 6] . In the sequel we denote
where H = W or V .
Theorem 3.4. Suppose Σ(S(·), B, C) is a Pritchard-Salamon system, F ∈ L(W, U ) is an admissible output operator for S(t) and (W, V ). If ∆ H BF (t) is norm continuous for t > 0 on H , then the growth bound of S H
where
Proof. We only need to prove that in the case H = W , for H = V just by the duality argument. Suppose that 
